This paper presents a numerical and experimental analysis study of the temperature distribution in a cylindrical specimen heat treated by laser and quenched in ambient temperature. The cylinder studied is made of AISI-4340 steel and has a diameter of 14.5-mm and a length of 50-mm. The temperature distribution is discretized by using a three-dimensional numerical finite difference method. The temperature gradient of the transformation of the microstructure is generated by a laser source Nd-YAG 3.0-kW manipulated using a robotic arm programmed to control the movements of the laser source in space and in time. The experimental measurement of surface temperature and air temperature in the vicinity of the specimen allows us to determine the values of the absorption coefficient and the coefficient of heat transfer by convection, which are essential data for a precise numerical prediction of the case depth. Despite an unsteady dynamic regime at the level of convective and radiation heat losses, the analysis of the averaged results of the temperature sensors shows a consistency with the results of microhardness measurements. The feasibility and effectiveness of the proposed approach lead to an accurate and reliable mathematical model able to predict the temperature distribution in a cylindrical workpiece heat treated by laser.
Introduction
Laser surface heat treatment, which aims to improve the properties of materials such as steel and some aluminum alloys, offers many advantages over conventional hardening processes [1] [2] . In this process, the understanding and the precise knowledge of the thermal flows absorbed and reflected by a material is a broad topic that concerns many types of industrial applications. In terms of resistance to wear, fatigue, friction and corrosion, an important part of the research is devoted to surface heat treatment and in particular to selective laser heat treatment [3] . To achieve a good performance in heat treatment, it is necessary to control the case depth generated by the heat flux transmitted by conduction through the outer surface of the workpiece [4] [5] . Several research studies to date have made it possible to present prediction approach techniques of the case depth, to improve the longevity of mechanical parts and to improve understanding of the underlying physics.
T. Miokovic et al. presented in 2006 a study on the superficial hardening of AISI-4140, study based on the effect of inhomogeneous formation of austenite due to conditions of austenization and quenching locally different, and at a dilatometry at high speeds of heating and cooling during the process. Data from this study has been implemented in the ABAQUS finite element program as laws of user-defined materials for a calculation that couples temperature distribution and phase development during heating and cooling process. The results obtained in this study faithfully reproduce the evolution of the temperature as well as the value of the resulting hardness [6] . Michael K.H. Leung 
et al. presented in
2007 a heat transfer model with a quasi-stable interface for hardening by laser transformation of AISI-1050 steel for a rectangular beam, using IT and CCT diagrams, and with consideration of the initial workpiece temperature, the heating rate and the cooling rate of process. To customize the shape of the rectangular flat-top beam of a conventional Gaussian laser spot beam, a diffractive optical kinoforme (DOK) was used. It has been shown that the theoretical predictions of case depth and hardness concurred perfectly with the experimental results [7] . Ritesh S. Lakhdar et al. presented in 2008 a numerical model that included heat transfer, hardening and tempering for efficient prediction of hardness and phases in temperate zones in a rectangular steel part in AISI-4140 heat treated by overlapping laser beam trajectories. In this study, they combined the developed tempering model with existing models in the literature of thermal behavior and phase change kinetics for the prediction of the three-dimensional profile hardness. The model they developed has been experimentally validated by multitrack laser hardening tests, with optimized parameters providing a case depth of up to 2-mm for an overlap of 5-mm in laser beam trajectories [8] . studies. The numerical model developed is based on austenitization temperatures (Ac1 and Ac3), on the heating and cooling rate to predict the case depth of the samples. The experimental validation has proven that taking into account the kinetics of the austeniteat a high rate of temperature change is clearly more appropriate [10] . For a determination of the temperature distribution in a material, the finite element method (FEM) can be used to solve numerically the partial differential equations of heat flux in a defined domain and with boundary conditions of Dirichlet, Neumann or Robin [11] . This FEM allows using commercial software to perform simulations on complex geometries by dint of faster resolution of boundary conditions, and with a potentiality of mathematical justifications for convergence and error optimization. Despite its many qualities the FEM remains very complicated to program and requires manipulation by experienced users, because the errors of the users can be fatal for the final solution.
And also, because it can be very expensive in memory and in calculation time [12] . However, the finite difference method (FDM) which involves replacing the derivatives of the heat equation by divided differences or a combination of point values in a finite number of discrete points, has the advantage of being simple to write and less expensive in computing time for simple geometries like circular cylinders and plates. The FDM method allows using modeling, to facilitate control of boundary conditions for adjustment of input parameters according time [13] [14] .
In the field of laser heat treatment an interesting but little studied prediction using the finite difference method to predict the temperature distribution inside of a cylindrical workpiece in rotation was developed for a stationary point by the team of R. Fakir et al. in 2018 [15] . Based on a similar and complementary approach, we developed and integrated in this study the focal spot scan parameters at the boundary conditions for efficient prediction of the case depth along the longitudinal axis of the cylinder. The mathematical model was built and validated with experimental tests. The approach was built progressively: 1) by an analysis of the temperature distribution using the heat diffusion equations, the boundary conditions, the properties of the material which depend on the temperature, discretization of the mathematical model by the finite difference method, 2) an experimental validation with a Taguchi experimental design and 3)
analysis and discussion of results. The feasibility and effectiveness of the proposed approach lead to an accurate and reliable mathematical model able to predict the temperature profile in a cylindrical workpiece heat-treated with a moving laser source. These temperature measurements were used to estimate the values of the absorption coefficient and the heat transfer coefficient, which are essential data for a good numerical prediction of the case depth related to the eutectoid transformation mechanism. Equations (1) and (2) Prandtl ( Pr ). Equation (3) presents the expression of the empirical correlation for rotating cylinders with a constant rotation speed Ω (rad/s) [16] . Equation (4) presents the empirical correlation giving the value of the coefficient of heat transfer by convection according to the thermal conductivity of the air, the diameter of the cylinder, the rotation speed of the cylinder, the kinematic viscosity of air and the thermal diffusivity of air. This equation is valid only for 
For the estimation of the value of the heat transfer coefficient through the empirical correlation of Equation (4) it is necessary to know the exact values of the thermo-physical properties of the air (κ, β and γ) in the vicinity of the cylindrical workpiece. Properties that were determined by experimental trials and that are dependent of laser heat treatment parameters (laser power, scanning speed and rotational speed of the cylindrical part).
Heat Conduction Equation in Cylindrical Coordinates
The quantity of power density of the Gaussian beam I(x, y) transmitted by conduction in the workpiece, is modeled based on the heat conduction Equation (5) for a revolution system with an axial temperature gradient depending on the time.
Equation (6) presents the transversal profile in the space of the Gaussian laser beam that propagates in the direction of the z-axis [17] .
With ( ) ( ) ( ) 
Initial Condition and Boundary Conditions
The initial temperature of the cylinder is supposed to be uniform T in = 27˚C. ( )
Boundary conditions are expressed according to equation 8, for a good consideration of the scanning speed of the laser beam and starting and stopping positions at the outer surface of the cylinder (r = R).
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Numerical Model (FDM)

Discretization of Model Equations
Finite difference method [18] allows through Taylor developments to search the approximate solutions of partial derivatives of heat transfer equations [19] . Equations (10)-(13) present a discretization of the terms of equation 5 with an explicit schema using the finite difference method. In chronological order, the first term corresponds to the first derivation of the temperature according to the radius (r), the second term corresponds to the first derivative of the temperature according to the time (t), the third term corresponds to the second derivation of the temperature according to the radius (r) and the last term corresponds to the second derivation of the temperature according to the x-axis of rotation of the cylinder. r ζ and x ζ represent respectively the mesh size along the radial axis and the axis of rotation, and t ζ the pitch of the temporal mesh.
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The initial temperature of the cylinder is assumed to be constant T(i, j, 0) = 27˚C. Equations (15) and (16) present a discretization with an explicit finite difference scheme of conditions 1 and 2 of Equation (9). This represents the boundary conditions outside and inside the area irradiated by the laser beam, during its course at a scanning speed SS.
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Equation (17) shows, a simplified writing of the 4th-order polynomials for solving the equations of conditions 1 and 2. The prediction of the value of the temperature T(R, j, t) on the surface of the cylindrical workpiece can be done by applying the numerical method of Regula Falsi, which consists of repeating the interval division to find the value of T(R, j, t) solution of conditions 1 and 2.
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Mesh Stability Study
The and not insignificant),it is necessary to carry out a manual convergence study of the mesh to optimize the parameters: computing time, data storage memory and accuracy of output results. A study that consists of creating a mesh using a reasonable number of elements, followed by an analysis of the output results, then a slight increase in the mesh density and an analysis of the results by comparison with the results of the previous iteration. This study of manual convergence of the mesh allows us to obtain a precise and exact solution with a sufficiently dense mesh and without requiring too many computing resources. Equation (21) presents, for an explicit numerical scheme in finite differences (Equation (14)), the condition of convergence that connects the pitch of the temporal mesh t ζ with the pitch of the spatial mesh r ζ and t ζ . 
Experimental Validation
Experimental Setup and Experimental Design
The experimental tests were carried out on specimens of cylindrical geometry in steel AISI-4340, with a diameter of 14.5-mm and a length of 50-mm. riod of 20-min, followed by cooling in the oil and tempering in the oven at a temperature of 650˚C for a period of 100-min to obtain a uniform hardness of 25-HRC (Rockwell C) [21] . After laser heat treatment, the samples were carefully prepared, cut, coated, polished and etched using a Nital chemical solution (95% ethanol and 5% nitric acid). The hardness profiles were characterized by microhardness measurements programmed using the Clemex machine.
To perform experimental modeling, it is essential to have relevant tests to adequately represent the desired results. The acquisition of validation results with a reasonable number of tests requires the definition of an ordered sequence of experimental tests using an experimental design. Experiment planning based on the Taguchi method optimizes the number of tests to be performed while maintaining the robustness, performance and statistical consistency of a factor design [22] . In the case of laser heat treatment of cylindrical workpieces, it is important to avoid the melting of the surface layer of the material while having a transformation of this same superficial layer. Experimental tests begin with the definition of the minimum and maximum values of the experimental design factors, that are in the case of this study: laser power, scanning speed, and rotation speed. Figure 4 (b) and Figure 4(c) show the results of the preliminary tests for measuring the microhardness according to the laser heat treatment parameters. Table 1 presents the 3 factors at 3 levels considered in the planning of the experiments. The levels of the experimental plan were chosen in the preliminary tests to correspond with the minimum transformation (100-μm) and the maximum transformation (250-μm) of the cylindrical workpiece, which respectively correspond to the laser hardening parameters of the test 9 (2800-W, 10-mm/s and 5000-RPM) and test 1 (3000-W, 8-mm/s and 4000-RPM). Table 2 shows the grid of tests according to the matrix L 9 Taguchi, with the results of measurement of the case depth, values of the dimensionless numbers (Reynolds and Prandtl), the thermal conductivity of the air and the absorption coefficient of the material. L 9 matrix output responses were determined by examining the hardness profile by measuring the microhardness, the surface temperature and the air temperature around the workpiece by using an infrared camera and air temperature Journal of Applied Mathematics and Physics sensors. We note that the thermal conductivity of the air, the Reynolds and Prandtl numbers are proportional to the laser power and the rotation speed of the cylinder and are inversely proportional to the scanning speed of the laser beam. With a maximum difference of about 0.36E−02 W/m-K for the thermal conductivity of the air, of 347 for the Reynolds number and a small difference of about 0.008 for the Prandtl number. And that the absorption coefficient is proportional to the scanning speed and inversely proportional to rotational speed and laser power, for a difference of about 0.074 between the maximum laser hardening configuration and the minimum configuration.
Analysis of Results and Discussion
To estimate the value of the convective heat transfer coefficient and the absorption coefficient according to the laser power, the scanning speed and the rotation speed, an ANOVA analysis of variance with the general step-by-step method, detailed in Table 3 and Table 4 , was performed [23] . The factor with the lowest contribution rate, which corresponds to the level of significance α = 0.05, was put in error factor compared to all the conditions of interaction between the parameters.
For each process parameter, the value of the variance ratio F was compared with the values of the standard F tables for high statistical significance levels. It was concluded that the heat transfer coefficient is mainly linked with the rotation speed Ω, for a model response value of about 98%. And that the absorption Journal of Applied Mathematics and Physics (22) and (23) show the estimated response surfaces [24] for the heat transfer coefficient and the absorption coefficient, according to the laser power, the scanning speed and the rotation speed. These response surfaces of the statistical model make it possible to reproduce the contour lines with response intervals varying according to laser heat treatment parameters. Response surfaces were represented according to dimension less numbers: Reynolds, Prandtl and the dimensionless variable reproduced following the Buckingham approach [25] to reduce the number of response surfaces of the statistical model. The constant α = 9549 was introduced to convert the SI system to the engineering system: the scanning speed from m/s to mm/s and the rotation speed from rad/s to RPM. It can be deduced from the figures obtained that a high rotational speed increases the convective losses but also allows to increase the value of the absorption coefficient for the levels of the factors experimental design (P, SS and Ω) presented in Table 1 . The results obtained confirm that the value of the hardness is proportional to the laser power and the rotation speed, and is inversely proportional to the scanning speed. Figure 5 (c) and Figure 5(d) show the temperature distribution along the x-axis of the cylinder for three depths and with different laser heat treatment parameters. the comparison values of the surface temperature at the stop-laser position (40-mm) using an infrared camera with an emittance coefficient of 0.123 and a distance between the camera lens and the cylinder surface of about 700-mm. Visualization with the thermal camera allowed us to give identical surface tem-Journal of Applied Mathematics and Physics perature values for a constant emissivity coefficient and this regardless of the laser heat treatment parameters. At the start position of the laser heat treatment (10-mm), the surface temperature rapidly increases from 27˚C to about 300˚C in 50-ms.Then from the 10-to 15-mm position, it rises from 300˚C to about 850˚C, followed by a slight increase every 5-mm of displacement. This slight increase in temperature between the position 15-mm and 40-mm is due to the heating phenomenon by advancement and can be explained by the fact that the thermal properties (thermal conductivity and specific heat)change with the temperature, and that convection and radiation heat losses become more important for high temperatures. This phenomenon induces a slight modification of the case depth along the longitudinal of the cylinder. To remedy this, it's important to control the laser heat treatment parameters being processed.
The transformation start temperature allows us to estimate the case depth to improve the mechanical performance of the sample. The AISI-4340 steel used has an initial allotropic transformation temperature of 727˚C (Ac1), a complete austenitization temperature of about 927˚C (Ac3), and a melting temperature of about 1417˚C. To validate the developed model, it was assumed that the depth reaching a complete austenitization temperature (Ac3) will have a martensitic microstructure if the rate of the cooling cycle is greater than 8˚C/s. Figure 6(a) shows the heating cycle for laser heat treatment parameters corresponding to the test 9 (Table 2) Table 1 , with a difference of less than 5% compared to the experimental tests.
Conclusions
In this study, the temperature distribution in a cylindrical workpiece heat treated by laser was simulated using the finite difference method. The major findings are It would be interesting to consider completing this model of prediction of the temperature profile, by integrating a control of the laser heat treatment parameters for a uniform case depth along the longitudinal axis of the cylinder. We believe that this type of approach is the most appropriate way to develop a prediction model of the case depth for workpieces of cylindrical geometry.
